Abstract-Microstructural length scales are relatively large in typical soldered connections. The microstructure which is continuously evolving is known to have a strong influence on damage initiation and propagation. In order to make accurate lifetime predictions by numerical simulations, it is therefore necessary to take the microstructural evolution into account. In this work, this is accomplished by using a diffuse interface model based on a strongly nonlocal variable. It can be seen as an extension of the Cahn-Hilliard model, which is weakly nonlocal since it depends on higher-order gradients which are by definition confined to the infinitesimal neighborhood of the considered material point. Next to introducing a truly nonlocal measure in the free energy, this nonlocal formulation has the advantage that it is numerically more efficient. Additionally, the model is extended to include elastically stored energy as a driving force for diffusion, after which the entire system is solved using the finite element approach. The model results in a computational efficient algorithm which is capable of simulating the phase separation and coarsening of a solder material caused by combined thermal and mechanical loading.
I. INTRODUCTION

S
OLDER joints serve two important purposes. First, they form the electrical connection between the component, e.g., a chip or resistor, and a substrate, e.g., a motherboard, and second, they constitute the mechanical bond that holds the component to the substrate. The most commonly used solder alloy until now has been the lead-tin system. When an electronic device is in use, solder connections will be subjected to mechanical stresses and strains. These arise because of the mismatch between the coefficients of thermal expansion (CTE) of the electronic component and the board onto which it is connected. Because solder materials are multiphase systems, there are also differences between CTEs of the phases within the solder leading to internal stresses. Note that these stresses can arise even in a single phase material if there are different CTEs for different lattice directions. The on and off switching of a system thus leads to cyclic thermomechanical loads, resulting in stresses and strains in the solder joint. The soldered connection can also be subjected to external loads caused by, e.g., bending of the substrate. Since solder alloys are required to operate at high homologous temperatures their deformation is governed by high temperature mechanisms such as creep, recrystallization, coarsening, and recovery. An important mechanical property of solder joints is undoubtedly their resistance to fatigue under thermal cycling. Since failure of a solder joint will render a complete device useless, it is important to predict the lifetime of such a connection. Because of time limitations, solder joints are often tested for their thermomechanical fatigue properties by subjecting them to accelerated tests methods. However, during these accelerated experiments damage mechanisms might be invoked which do not occur during normal usage. Predictions based on accelerated cycling tests are, therefore, unreliable. Thermomechanical modeling can be used during the design process to simulate the real-life conditions of a solder joint, and thus give an accurate prediction of its lifetime, with a significant reduction in cost and time when compared to prototype testing.
The mechanical properties of a solder joint are highly dependent on its microstructure, which changes considerably during its lifetime. The high homologous temperature at which solder materials operate provokes microstructural coarsening, resulting in a markedly different microstructure only a short time after solidification, as can be seen in Fig. 1 .
During thermomechanical cycling of a soldered connection the coarsening process will not be homogeneous. Frear et al. [1] found that regions of high shear strain within an eutectic tin-lead connection coarsened more. These regions of inhomogeneous coarsening are know to be crack nucleation sites during thermal cycling [1] - [3] . It is also well-known that thermal cycling leads to faster coarsening rates than static thermal aging [4] , possibly due to the mechanical stresses which arise within the material due to differences in thermal expansion coefficients. Another factor that influences the diffusion process is the surface tension between different phases. It controls the number, steepness, orientation, and the final shape of the interfaces within the coarsened structure. The magnitude of the surface tension can vary in different directions of the crystal lattice.
Because the microstructure has a large influence on the material properties and coarsening readily occurs during the lifetime of a soldered connection, it is important to take the microstructural evolution into account during numerical simulation of fatigue damage propagation. Specifically in tin-lead, coarsening will occur because of the high solubility of tin in lead and vice versa. Lead-free solder alloys also exhibit microstructure evolution like coarsening of the bulk or growth of the intermetallic compound layer [5] - [7] . However, since the tin-lead solder has been investigated most extensively in literature, it has been used as a reference material in this contribution. [8]- [10] . Vianco et al. [11] and Frear et al. [3] also include grain size evolution in their models. In the literature, several equations can be found that describe the evolution of the grain size [11] , [12] . No information about the distribution or shape of the grains is incorporated however. This information can be found by using of a diffuse interface theory [13] - [19] . Diffuse interface theories are based on the notion that the free energy is not only a function a local-order parameter, but also depends on the value of this parameter in neighboring points.
First, in Section II, the diffusion equation will be introduced, after which a diffuse interface theory will be presented based on a truly nonlocal-order parameter, in contrast to the classical Cahn-Hilliard theory where the interface energy is represented by local derivatives of the mass fraction, which are by definition confined to the infinitesimal neighborhood of a material point. In Section III an outline of the finite element implementation of the model is given, and in Section IV the model parameters are discussed. Next, in Section V, one-dimensional (1-D) calculations are used to demonstrate some properties of the model. Finally, a two-dimensional (2-D) simulation of the static ageing of tin-lead solder will be discussed in Section VI. 
II. TRULY NONLOCAL DIFFUSE INTERFACE THEORY
A. Diffusion Equation
The diffusion equation which can be derived from local and total mass balance reads (1) where the is the diffusion mass flow per unit area per unit time. Using the phenomenological approach of classical irreversible thermodynamics [20] , the following expression for the diffusion mass flow is found: (2) where is the specific Helmholtz free energy and the mobility tensor. This means that for a system to be in equilibrium the derivative of the Helmholtz free energy with respect to the composition, also called the chemical potential, has to be homogeneous throughout the system.
B. Free Energy
To complete the diffusion equation the free energy function is needed. At any time there will be different kinds of energy available in a system. First, each phase will have different energy values for different compositions, which constitutes the configurational energy . Second, interfaces will contribute to the surface energy, denoted , and third, stresses and strains will cause elastic energy, indicated as , to be stored in the system
The configurational free energy denotes the contribution of the pure phase. For a system where only binary interactions take place the function will have the following form: (4) where and are coefficients dependent on temperature. For a two-phase material (phases and ), the configurational energy will be a double-well potential (see Fig. 2 ). It can be constructed from the configurational energy curves of the individual phases by assuming that at a certain composition only the phase with the lowest energy will exist. Equilibrium is then found when the chemical potential is homogeneous throughout the system. Note that this does not mean that the mass fraction has to be homogeneous. The configuration with the lowest possible free energy is found when, due to phase separation, all of the material has either one of two compositions defined by the so-called binodal points. These binodal points can be found by constructing a double tangent to the free energy curve. If the binodal points are plotted at different temperatures the phase diagram will be obtained.
The elastically stored energy is due to stresses and strains which occur in the material. Thus, in order to calculate it, a constitutive model needs to be chosen and the momentum equation has to be solved. As a first approximation, linear elasticity is assumed and inertia effects and body forces are left out of consideration yielding the momentum equation (5) where is the fourth-order material tensor, denotes the stress tensor, and is the strain tensor defined as . The elastic energy is then defined as (6) Note that the elastically stored energy term introduces a fourthorder gradient of the displacements into the diffusion equation. Because the system will be solved by using a finite element method (FEM) it is convenient to eliminate these fourth-order gradient terms. This is accomplished by introducing a new independent variable, , defined as the derivative of the elastic energy with respect to the local mass fraction. Thus, an additional equation is added to the system (7)
The surface free energy accounts for energy due to interfaces between phase regions. This means that it cannot be only a function of the local mass fraction, . The composition of the surroundings of a material point has to be taken into account as well. In diffuse interface theories this is done by taking the free energy to be dependent on both the local composition and its derivatives. These models can be considered to be weakly nonlocal, since the derivatives of the composition are by definition confined to the infinitesimal neighborhood of the considered material point. In this work, the free energy is taken to be a function of the local mass fraction and a weighted averaged value of this variable, denoted . This variable is calculated by solving an implicit Helmholtz equation (8) where is an internal length parameter defined as (9) with a normalized weighting function and a local coordinate vector. The surface energy is next related to the square of the difference between the nonlocal and local mass fraction (10) where is the surface tension coefficient tensor.
C. Total System of Equations
The system of equations which has to be solved, consists of the diffusion equation for the local mass fraction, an implicit Helmholtz equation for the nonlocal mass fraction, the momentum equation for stresses and strains, and the equation for the derivative of the elastically stored energy with respect to the local mass fraction (11a) (11b) (11c) (11d)
III. FINITE ELEMENT IMPLEMENTATION
The system of equations is solved using the FEM. By using finite elements, there is no restriction on the geometry of the problem under consideration, as is the case when using a fourier or finite difference method. The first step toward a finite element scheme is time discretization of the diffusion equation. This is done by using the implicit or backward Euler scheme, which is unconditionally stable and first-order accurate. Next, a linearized weighted residual form of the equations is constructed in which essential boundary conditions are taken care off. Finally, all variables are discretized and interpolation functions are chosen, linear for all variables. The total system is then divided into two systems of two equations which are solved decoupled. The first set contains the diffusion equation and the nonlocality equation. The second set momentum balance and the derivative of the elastically stored energy. In matrix form, the systems are then (12) (13) These systems are then solved with a conjugant gradient solver in order to reduce the required amount of computer memory compared to using a direct solver.
IV. MODEL PARAMETERS
The eutectic tin-lead system has been chosen fore these simulations, because it has been most extensively studied in the literature. For this system, the phase is a lead-rich FCC crystal structure, which for the eutectic forms islands in a tin-rich matrix, the tetragonal phase. The necessary material data were obtained from literature, and are summarized in Table I . The internal length parameter is taken to be in the order of magnitude of the real interface width, and is chosen such that surface energy has the same order of magnitude as the configurational energy. The mobility of the phase is supposed to be significantly lower than that of the phase, hence, it is assumed to be negligible. The mobility of the is fitted using the comparison between a 2-D simulation and an ageing experiment, which will be discussed later. All the parameters are assumed to vary linearly with the mass fraction. Fig. 3 shows the configurational part of the Helmholtz free energy curve for the tin-lead system at 150 C, where it is assumed that at a certain composition the material will assume the phase which has the lowest free energy at that composition. The data used to calculate this curve is taken from MTData [17] , [21] .
A. Configurational Free Energy
Next the curve is fitted to the following function to facilitate the finite element routine: (14) The resulting parameter values for C are
V. ONE-DIMENSIONAL SIMULATIONS
One-dimensional calculations have been performed to investigate the behavior of the model. Two different initial configurations are used (see Fig. 4) . First, the initial condition was taken to be a step function in the mass fraction in the middle of the domain in order to investigate the influence of the internal length scale parameter and the surface tension coefficient on the equilibrium interface which develops. The effect of external loading has been studied as well. Second, spinodal decomposition was investigated starting from a homogeneous, eutectic, mass fraction distribution with random imperfections imposed. 
A. Discontinuous Interface
Calculations were performed to investigate the influence of the internal length scale parameter and the surface tension coefficient . When using the explicit formulation for calculating the nonlocal field, which is identical to the Cahn-Hilliard model, increasing will have the same effect as increasing . Both of these parameters serve as a multiplication factor for the Laplacian of the local mass fraction. However, for the implicit formulation this is no longer the case. For this case, substituting the nonlocality equation in the diffusion equation yields (15) However, even if the product is kept constant, interface width still decreases with an increasing value of (see Fig. 5 ). This is due to the fact that changing this parameter changes the nonlocal field which in turn affects the local mass fraction. The internal length scale can be considered a measure for the distance at which an interface can affect the bulk material. The surface tension remains a multiplication factor which determines the amount of influence an interface can exert. Fig. 6 shows the influence of the internal length scale while the surface tension coefficient is kept constant. The parameter influences the interface width linearly. The interface width is defined as the distance over which the mass fraction deviates 0.05 or more from the bulk mass fraction, either of the or phase. If another value for the deviation is chosen the results are affected quantitatively but not qualitatively.
In Fig. 7 , the interface width as a function of the square root of is shown. Similar to the influence of , a linear relationship can also be seen here. It should be noted, that the model is more sensitive to variations of than of . This effect can also be seen in Fig. 5 .
Under the influence of straining the shape of the interface between the two phases also changes. Interfacial width decreases under the influence of either compression or tension (see Fig. 8 ). This can be explained by the fact that the interface is determined by the ratio between the surface energy and the total free energy. If this ratio decreases, as in the case of external loading, interfaces become steeper and consequently thinner. The reason for the loss of symmetry of these results at larger deformations could be caused by the small strain assumption used in the model.
B. Homogeneous Distribution
One-dimensional simulations of the phase separation and consequent coarsening process have been performed. The initial condition is a homogeneous distribution of the tin mass fraction at the eutectic composition of the tin-lead system, . To trigger spinodal decomposition, random imperfections on the mass fraction are imposed (normal distribution with mean zero and variance 0.01) (see Fig. 4 ). The imperfections are the same for all calculations. First, a calculation is performed without external loading and nm and GJ (see Fig. 9 ). Fig. 9 shows the capability of the model to describe phase separation and coarsening.
Next, a calculation with external loading of 10% global tensile strain is also performed to demonstrate the effect of elastically stored energy on the system. The results are shown in Fig. 10 . In this case, decomposition is faster and the final structure shows slightly more coarsening. The results show a shift of the binodal points, downward for the phase and upward for the phase, and steeper interfaces compared to the reference calculation.
VI. TWO-DIMENSIONAL SIMULATIONS
To validate the model, an experiment has been performed of the ageing of eutectic tin-lead solder. The specimen was rapidly cooled in liquid nitrogen and consequently aged at 150 C. During the ageing process, photographs where made of the same area using a scanning electron microscope. Some of the results are shown in Fig. 1 .
Next, a simulation was performed taking the initial condition from the SEM photograph made immediately after cooling. The results of the simulation are shown in Fig. 11 next to SEM photographs of approximately the same area at the same time. The simulated microstructure exhibits break-up and coalescence of phase regions, and phase regions growing and dissolving, similar to what can be observed experimentally.
In order to make a comparison between the numerical simulations and the experimental data, the results need to be quantified. Since minimization of surface energy, and thus minimization of surface area, is a driving force for the diffusion process, the total surface area per unit volume is taken as a quantifiable number to be compared. The results of this quantification is next used to fit the unknown mobility of the phase. This parameter is found to be 2.2 m Js . Fig. 12 shows the surface area development over time after fitting the mobility of the phase. The agreement between experimental and numerical data is very good.
VII. CONCLUSION
In this paper, an extension of the Cahn-Hilliard model is presented to describe the microstructure evolution of tin-lead solder. The free energy density is taken to be a function of the local and a strongly nonlocal mass fraction which can be calculated by solving a Helmholtz equation. The difference between the nonlocal and the local mass fraction is associated with the surface energy. The derivative with respect to local mass fraction of this energy acts as a driving force for the coarsening process. Incorporation of additional driving forces into the free energy is straightforward. In this way, the effect of stresses on diffusion is also accounted for through the elastically stored energy.
The model includes an internal length scale and a surface tension coefficient as parameters. The product appears as a multiplication factor for the derivative of the surface energy with respect to the mass fraction in the diffusion equation. Onedimensional simulations are used to investigate the influence of these parameters on interface development and coarsening. It is found that increasing either the internal length scale or the surface tension coefficient increases the interface. Increasing while changing appropriately to keep the product constant leads to a steeper interfaces. The influence of external loading on the phase separation and coarsening process is also investigated. It is found that elastically stored energy, either due to tensile or compressive loading, causes a shift of the binodal points and decreases the interface width. Furthermore, it increases the decomposition rate and coarsening.
The model is validated by comparing a 2-D simulation with experimental data. The model is able to predict break-up, coalescence, growth, and dissolution of phase regions, similar to what can be observed experimentally. The total surface area per unit volume is used to quantify the microstructure. The results are in good agreement with experimental data. Fig. 11 ).
